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Con� ned Swirling Flows with Heat Release and Mixing

David S. Underwood,¤ Ian A. Waitz,† and Edward M. Greitzer‡

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

A simpli� ed model is used to illustrate global features and � ow regimes encountered in swirling � ows with
combustion, as an approach to providing an overall interpretation of the behavior of primary zone � ows in lean-
premixed-prevaporizedgas turbine combustors.As one example of this, the physicalmechanisms that characterize
the interactions between swirl and heat addition are described, including the differing effects on recirculation zone
formation for low and high values of swirl. The model, which is based on a quasi-one-dimensionalcontrol volume
formulation, contains many approximations for the relevant � ow processes. Nevertheless, comparisons of this
simpli� ed model with results from an axisymmetric Navier–Stokes code support the utility of the approach for
gaining physical insight into the overall behavior of these parametrically complex � ows.

Nomenclature
A = control volume area
b 0 = planar shear layer growth rate
C p = speci� c heat of air at constant pressure
E = Eckert number, (u1 ¡ u2)

2 /Cpt T1

h = enthalpy
L = duct length
M = Mach number

= momentum, Çmu
Çm = mass � ow
Pr t = turbulent Prandtl number
p = static pressure
R = radius of duct
Reb = Reynolds number based on shear layer thickness, D Ub/ m t

r = velocity ratio, u1 / u2

s = density ratio, q 1 / q 2

T = static temperature
Ū = average axial velocity of core and outer streams
u = velocity in axial direction
v = velocity in circumferential direction
w = velocity in radial direction
z = coordinate in axial direction
a = area ratio, AD / A1

C = circulation
D U = velocity difference, u1 ¡ u2

d = radius of vortex core
g = ratio of speci� c heats at constant pressure, Cp1 / C p2

m t = effective turbulent viscosity
N = mixing coef� cient
q = density
s = temperature ratio, T1 / T2

u = equivalence ratio
X = swirl ratio, C / 2p d u1

Subscripts

c = centerline
D = duct
m = mixing
pr = product formation due to chemical reaction
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1 = vortex core
2 = irrotational outer stream

I. Introduction

T HE behavior of gas turbine combustor primary zone � ows im-
pacts ignition, stability, ef� ciency, and pollutant formation.

Primary zones are typi� ed by swirling � ow with heat release in
a variable area duct, where a central toroidal recirculation zone is
formed. The recirculation zone allows the mixing of hot products
with incoming reactants, thereby anchoring the � ame.

The work presented in this paper focuses on lean-premixed-
prevaporized (LPP) combustor technology, which has proven ef-
fective in reducing NOx levels.1 ¡ 3 Typical strategies for obtain-
ing low NOx levels from these combustors include tailoring the
inlet swirl distributionand the local fuel–air ratio distribution.This
is a complicated parametric optimization problem, which can be
dif� cult to tackle ef� ciently using experiments or, more recently,
three-dimensional numerical simulations. Further, although much
research has been devoted to this area, the degree of complexity is
such that application-speci�c experimental and numerical studies
often lend little physical insight,4 ¡ 8 which leads to dif� culties when
developing new combustors for advanced gas turbine engines.

The objective of this paper is to illustrate the global features of
swirling � ows with combustion to clarify and understand the be-
havior of primary zone � ows in LPP gas turbine combustors. The
approach taken was to develop a quasi-one-dimensional differen-
tial control volume model, with a set of in� uence coef� cients that
describe the local behavior of the � ow. Examination of the in� u-
ence coef� cients, coupled with parametric studies using the one-
dimensional model, enabled the effects of swirl, heat release, mix-
ing, and area change to be quanti� ed. A limited assessment of the
applicabilityof the simpli� ed model to � ows of interestwas carried
out through comparison to an axisymmetric Navier–Stokes code as
a necessary step in supporting the utility of the results.

The paperbeginswith a descriptionof the quasi-one-dimensional
control volume model in Sec. II followed by presentation and dis-
cussion of the in� uence coef� cients derived from the model in
Sec. III. Parametric studies using the quasi-one-dimensional model
are then presented in Sec. IV. Section V presents a comparison
of the quasi-one-dimensional results with Navier–Stokes computa-
tions, and Sec. VI gives a summary and conclusions.

II. Quasi-One-Dimensional Model
The quasi-one-dimensional differentialcontrolvolumemodel de-

veloped is an extension of the work of Darmofal et al.,9 which fo-
cused on the behaviorof con� ned vortex cores in pressuregradients
with no heat release or mixing. Through comparison with axisym-
metric Navier–Stokes simulations, they showed that the simpli� ed
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Fig. 1 Quasi-one-dimensionalmodel.

model could be used to predict the onset of recirculation zone for-
mation.

Here we consider a more general case of a vortex core in a duct of
varying area, which includes heat release in the core and outer � ow
and mixing between the streams. The derivation of the equations,
which follows from and extends that of Khan,10 is described in
Secs. II.A and II.B.

A. Assumptions

Figure 1 shows a schematic of the model � ow� eld, which is taken
to be axisymmetric, steady, and smoothly varying in the axial di-
rection. A cylindrical coordinate system x = (r, h , z) with velocity
componentsu = (w , v , u) is used.The � ow� eld is dividedintoa vor-
tex core of radius d (z) containingall of the axial vorticity (stream 1)
and an irrotational outer � ow (stream 2). The duct radius R(z) is
speci� ed.

The swirl velocity is taken to be a Rankine vortex

v(r, z) =

»
( C / 2p d )r / d 0 · r · d

C / 2p r d · r · R
(1)

This is not a fundamental limitation of the model; other distribu-
tions may be speci� ed; however, LPP combustor inlet data suggests
that this pro� le is an appropriate approximation for many � ows
of interest.11 The radial velocity is assumed negligible in the quasi-
one-dimensionalformulation,and so the radialmomentum equation
reduces to

@p

@r
= q

v2

r
(2)

Axial velocities in the two streams are assumed constant over an
axial cross section, although the axial velocities are not necessarily
the same in each stream. This implies in� nitely fast mixing within
each stream to enforce uniform pro� les. This intrastream mixing
is not the same as the interstream mixing, or mixing between the
streams, which can be speci� ed in the model.

B. Conservation Equations

The applicationof conservationof mass, momentum, and energy,
as well as the state equation and a summation of areas to the two
streams, yields a system of differential equations. Conservation of
mass for streams 1 and 2 can be expressed as

d q 1

q 1

+
du1

u1

+
dA1

A1
= 0 (3)

d q 2

q 2

+
du2

u2

+
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= 0 (4)

Conservation of momentum for the two streams gives
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where the different quantities are de� ned in the Nomenclature.The
terms containing area and density differentials that appear on the
left-hand side of Eqs. (5) and (6) re� ect the effect of the swirl com-
ponent of velocity. The source term on the right-hand side of the

equations represents the transfer of momentum from one stream to
the other due to mixing.

Conservation of energy for the two streams yields

dT1

T1

+
u2

1

C p1 T1

du1

u1
=

dhpr1

Cp1 T1

+
dhm

Cp1 T1

(7)

dT2
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+
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2

C p2 T2
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u2
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C p2 T2
¡

sr g s

a ¡ 1

dhm

C p1 T1

(8)

The source terms on the right-hand side of the equations represent
the enthalpy addition due to combustion (dhpr) and the transfer of
enthalpy from one stream to the other due to mixing (dhm).

The equation of state for the two streams is

dpc

pc
¡

d q 1

q 1
¡

dT1

T1
= 0 (9)

dpc

pc
¡

d q 2

q 2
¡

dT2

T2
= 0 (10)

Summation of areas yields

1
a

dA1

A1

+
a ¡ 1

a

dA2

A2
=

dAD

AD

(11)

For the parametricstudiespresented,theduct radiuswas speci� ed
by the function

R(z) = a[erf(bz ¡ c) + 1] + R0 (12)

where a, b, and c were chosen to give a geometry typical of gas
turbine combustors.12 The values of a, b, and c are 0.02, 60, and
2.5, respectively.Again, the form of Eq. (12) provides a convenient
expression,butotherforms may be used to addressothergeometries.

Heat release pro� les dhpr i (z) are also speci� ed for both streams,
with pro� les representative of those found in modern combustors.
The total heat release in each stream relative to the incoming � ow
enthalpy is set to represent a methane–air reaction of the form

CH4 + (2/ u i ) (O2 + 3.76N2) ! CO2 + 2H2O

+ [(2/ u i ) ¡ 2]O2 + (7.52/ u i )N2 (13)

where u i is the equivalence ratio of stream i .
The heat release pro� le is taken the same for both streams except

for the value of the peak, which is set by u i . The pro� le is given by
the function

dhpr i = u i dhmax

¡¡©
erf[d(z / L)] + 1

2 erfc[e(z / L) ¡ f ]
ª

¡ 1
¢¢

(14)

where d , e, and f have been chosen to give heat release pro� les
typicalof gas turbinecombustors.13 For all computations,L / R0 =5,
d =14, e = 7, and f = 3. Figure 2 shows heat release pro� les for
low and high heat releasecases ( u = 0.2 and 0.8) alongwith the duct
geometry. Consequences of varying the functional form of the heat
release pro� les and duct geometry were not evaluated in the current
study, and only effects of the overall level of heat release were
investigated.

Mixing creates the exchange of momentum and energy between
the two streams. A mixing coef� cient N is speci� ed, where N is a
fraction of the mixing rate set by an effective turbulent viscosity m t .
The mixing rate is thus proportional to N m t where m t is determined
using Prandtl’s second hypothesis14,15

m t = C1(b 0 Ū )2(z / Ū ) (15)

and where b 0 is de� ned as16
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Fig. 2 Heat release and duct radius pro� les.

The constant C1 in Eq. (15) is found by assuming an error function
for the velocity pro� le across the shear layer and using the 5 and
95% points to compute C1 , yielding a value of C1 = 0.092.

The momentum transfer term d / Çm1u1 can, thus, be expressed
as

d

Çm1u1
= ¡

1
Reb

q 1 + q 2

q 1

(u1 ¡ u2)2

u2
1

1
d

(17)

and the energy transfer termcan be related to themomentumtransfer
term by

dhm

C p1 T1
=

r

r ¡ 1

³
1

Pr t

s ¡ 1
s

+ E

´
d

Çm1u1

(18)

Again, no effort was made to study the consequencesof varying the
functional form of the momentum and energy exchange. Only the
sensitivity of the model results to the overall mixing rate, m t , was
investigated.These results are discussed in Sec. IV.

Equations (3–11) are solved by specifying inlet conditions, duct
geometry, heat release pro� les, and mixing rate and then integrat-
ing along the duct in the axial direction. The equations are, thus,
parabolic and downstream in� uences are not felt. This assumption
has been investigated by Darmofal et al.9 for the case without heat
addition and mixing, where it was shown, through comparison with
solutions from a Navier–Stokes code, that a quasi-one-dimensional
model can capture the overall features of the � ow, including the
tendency for recirculation zone formation.

III. In� uence Coef� cients
In� uence coef� cients represent the sensitivityof various � ow pa-

rameters (dependent variables) to changes in area, heat addition,
and mixing (independent variables). Their utility lies not only in
quantitative results, but also in the insight they afford into the roles
that various mechanisms play in determining the � ow behavior.
Based on the preceding formulation [Eqs. (1–18)] in� uence coef� -
cients for two streams with area change, heat release, and mixing
have been derived following the method developed by Shapiro and
Hawthorne17 and popularized by Shapiro.18

There are several features about the � ows of interest that lead to
simpli� cations in the in� uence coef� cient analysis compared to the
full set of equations[Eqs. (3–11)]. First, as is the case in gas turbine
combustors,the Mach numbersare low enoughthat changesin pres-
sure have no signi� cant effect on density, and the state equation is,
thus, q T ¼ const + (M2). (This assumptionimplies that the quan-
tity dp / p ¼ 0; the quantity dp/ q u2 is not zero.) Density variations
are, thus, due only to heat release. Further, kinetic energy changes

are also small compared to enthalpychanges.Equations (7–10) then
simplify to
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=
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(20)

dq 1

q 1

+
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= 0 (21)

dq 2

q 2

+
dT2

T2
= 0 (22)

respectively.The in� uence coef� cients are summarized in the Ap-
pendix.Note that the in� uence coef� cients collapse to the results of
Shapiro18 for a single stream with no swirl at low Mach number.

As with the full set of equations,Eqs. (3–6), (11), and (19–22) can
be interpreted to yield a complete nonlinearsolution.Their greatest
practical use, however, is to indicate the directions and rates of
change of � ow variables locally. This type of analysis provides a
pathway for understanding complex � uid behavior over a broad
parametric range.

The trends derived from the in� uence coef� cients are summa-
rized in Table 1. It should be mentioned that these trends are not
dependent on the prescribed geometry, heat release pro� le, or mix-
ing rate pro� le because the in� uence coef� cients only describe the
local � ow behavior based on local ratios of � ow variables.

As an example of the use of the in� uence coef� cients, we can
examine the change in core axial velocity (du1 /u1) as a function
of heat release in the core (dhpr1 / C p1 T1). We focus on this exam-
ple for two reasons. First, accelerationor decelerationof the vortex
core is directly related to the potential for recirculationzone forma-
tion, and many combustors rely on a recirculation zone for � ame
stability. Second, this situation illustrates a result that may seem
counterintuitive and appears to us to be dif� cult to arrive at with
more complex analyses or experiments. Thus, it demonstrates the
utility of the simpli� ed model.

The relation between the core axial velocity and the core heat
release is given by

du1

u1
=

1 ¡ 1
2
r 2 X 2 [a (s + 1) ¡ 1]

b

dhpr1

C p1 T1

(23)

where b is de� ned as

b = 1 + r 2( a ¡ 1)
¡
s ¡ 1

2
X 2

¢
(24)

Examining the denominator of the in� uence coef� cient [Eq. (23)],
the local swirl ratio X that yields b = 0 can be found. This swirl
ratio, X crit , de� ned as

Table 1 Local trends from in� uence coef� cients

Duct area Heat release Heat release
Parameter change in core in outer � ow Mixing (2 ! 1)

pc " # , X < X 2 # "
" , X > X 2

u1 # " , X < X 1 " #
# , X > X 1

u2 # , X < X 3 " " "
" , X > X 3

A1 " " # #

A2 " , X < X 3 # " "
# , X > X 3

pt1 No effect # No effect "

pt2 No effect No effect # #
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X crit =

s

2

³
s +

1
r 2( a ¡ 1)

´
(25)

corresponds to the critical value of swirl ratio at which (locally)
the core growth rate is unbounded. This is of interest because this
condition has been linked to recirculation zone formation.9 In the
following discussion, only swirl ratios below critical will be con-
sidered.

WhenEq. (23) is examinedagainand the swirl ratio thatmakes the
numeratorof the in� uencecoef� cientzero is solvedfor, a local swirl
ratio is found where the sign of the in� uence coef� cient changes.
This correspondsto a reversalof the effectof addingheat to the core.
Speci� cally, for low swirl ratios, adding heat to the core accelerates
the core, as is familiar from the limiting case of zero swirl. At high
swirl ratios, however, adding heat to the core decelerates the core.
This transitional swirl ratio between the two regimes is denoted as
X 1 in Table 1 and de� ned as

X 1 =

r
2

r 2[a (s + 1) ¡ 1]
(26)

Note that X 1 is a function of the local ratios of density, velocity,
and area only. Thus, from the perspective of combustor design, it
is possible for particular choices of local fuel–air ratio and swirler
geometry to lead to acceleration or deceleration of the vortex core,
thereby hindering or promoting recirculation zone formation.

A physicalexplanationfor the describedbehaviorcan be givenas
follows. Consider the cases of no swirl and strong swirl for a vortex
core in a constant area duct, where strong swirl means a swirl ratio
just below the critical swirl ratio. For simplicity,we assume the core
and outer � ow to have the same value of axial velocity upstream of
the region of heat addition, although this is not necessary for the
arguments that follow.

Consider the no-swirl situation � rst. Heat addition will lower the
density and cause the core to expand, as shown in Fig. 3a. The
streamtube area in the outer � ow thus contracts, so that the outer
� ow axial velocity increases and the static pressure decreases in
the � ow direction. Because the static pressure is uniform across the
duct, this implies an acceleration in the core ( q u du = ¡ dp).

Considernow the situationof strong swirl, so that the effect of the
change in axial velocityon static pressure is small. Again, as shown
in Fig.3b, thecoreexpandsin the regionof heataddition.At the outer
radius of the duct, i.e., at the wall, the azimuthal velocity and the
stagnation pressure do not vary along the duct. Radial equilibrium,
thus, implies that in the axial region in which there is heat addition,
and therefore core expansion, the static pressure on the interface
between the two streams will increase in the direction of the � ow.
Thus, there is a pressure force pointing upstream on a volume of the
vortex core between stations upstream and downstream of the heat
addition and, hence, a deceleration of the core.

a) No swirl

b) High swirl

Fig. 3 Schematic of circulation generation due to baroclinic torque for
no swirl and high swirl.

The physical basis for the described behavior can also be viewed
fromtheperspectiveof vorticitydynamics.Changesin theazimuthal
vorticity, i.e., vorticity oriented in the h direction, at the edge of the
core, are set by a balance between the production of negative az-
imuthal vorticity due to stretching and the production of positive
azimuthal vorticity due to baroclinic torque. Stretching of the in-
terface occurs due to dilatation of the gas in the core, whereas the
baroclinictorqueoccursdue to nonparallelpressureand densitygra-
dients. A net productionof negativeazimuthalvorticitycorresponds
to a decelerationof the core. A net productionof positive azimuthal
vorticity corresponds to an acceleration of the core.

Examining the in� uence coef� cients further, two more swirl ra-
tios can be de� ned where other coef� cients change sign. These two,
denoted as X 2 and X 3 , de� ne the boundaries between the low and
high swirl behavior of centerline static pressurewith heat release in
the core and outer stream velocity/area with duct area change. The
swirl ratios X 2 and X 3 are de� ned as

X 2 =

r
¡ r 2[( a ¡ 1) + s(2 a ¡ 1)] + F

a sr 2
(27)

and

X 3 =
p

2s (28)

where F is given by

F =
p

r 4[( a ¡ 1) + s(2 a ¡ 1)]2 + 4 a sr2

As shown in Table 1, several other statements can be made as to
the effect of area change, heat release, and mixing on recirculation
zone formation. A decrease in core axial velocity moves the � ow
toward the formation of a recirculation zone, whereas an increase
in core axial velocity moves the � ow away from the formation of
a recirculation zone. Thus, an increase in duct area enhances recir-
culation zone formation, as expected. Heat release in the outer � ow
hinders recirculation zone formation, as does mixing between the
streams (de� ned as positive for exchangeof momentum and energy
from the outer � ow to the core). Finally, there are no regions where
the behavior changes with swirl for heat release in the outer � ow or
for mixing between the streams.

IV. Results of Quasi-One-Dimensional Analysis
The local trendsgivenbythein� uencecoef� cientswere examined

for the whole duct � ow� eld by using the solution from the one-
dimensional model to calculate values of X 1, X 2 , X 3, and X crit .
These values are compared to the local swirl ratio ( X ) given by
the solution from the quasi-one-dimensional code to determine the
behavior of the � ow in a given section of the duct. Figure 4a shows
the results from a high swirl, low heat release case ( u 1 = u 2 = 0.2),
whereasFig. 4b shows the results froma high swirl, high heat release
case ( u 1 = u 2 =0.8). The values of the inlet parameters for these
runs are given in Table 2.

In Fig. 4, the solution from the quasi-one-dimensional model ( X )
is denotedby the asterisks, and six regions are de� ned, labeled 1–6.
The boundariesof these regions are the swirl ratios where the in� u-
ence coef� cients, given in the Appendix, change sign. These swirl
ratios,de� ned by Eqs. (26–28) and denotedby the solid,dashed,and
dashed–dot lines, respectively,have been computed using the solu-
tion from the quasi-one-dimensional model. The other boundary on
Fig. 4 is the critical swirl ratio de� ned by Eq. (25) and denoted by

Table 2 Conditions for the high
swirl cases of Fig. 4

Inlet parameter Value

Swirl ratio, X 0 1.5
Velocity ratio, r0 0.8
Density ratio, s0 1
Area ratio, a 0 4
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a) Low heat release (Á1 = Á2 = 0.2)

b) High heat release (Á1 = Á2 = 0.8)

Fig. 4 Flow regime maps for high swirl (X 0 = 1:5).

the £ . It corresponds to the conditions where the in� uence coef� -
cients go to §1 .

The behavior of the � ow at any axial location in the duct is deter-
mined bywhich region the solution( X ) lies in at that point.Region1
is belowall of the boundaries,and thebehaviorof the � ow is qualita-
tively similar to the zero swirl behavior.Region2 is abovethe dashed
line, meaning that the local swirl ratio ( X ) is greater than X 2. This
corresponds,as is shown in Table 1, to the case where addingheat to
the core increases the centerline static pressure, counter to the low
swirl behavior. Region 3 lies above both the solid and dashed lines
( X 1 and X 2, respectively), and so adding heat to the core increases
the centerline static pressure and decelerates the core, as shown in
Table 1.

In region 4, adding heat to the core accelerates the core and de-
creases the centerline static pressure as in the zero swirl case. How-
ever, increasingthe ductarea increasesthe axial velocityof the outer
streamand decreasesthe area of the outer stream.This effect, shown
in Table 1, is again counter to the zero swirl case. In region 5, adding
heat to the core increases the centerline static pressure, whereas in-
creasing the duct area increases the outer stream axial velocity and
decreases the outer stream area. Finally, in region 6, adding heat to
the core increases the centerline static pressure and decreases the
core axial velocity, whereas increasing the duct area increases the
outer stream axial velocity and decreases the outer stream area. All
of these effects are summarized in Table 1.

By comparing the low and high heat release cases of Figs. 4a and
4b, respectively,we can see that the shape of the six regionschanges

somewhat as does the trajectory of the solution ( ¤ s), although the
solution begins and ends in the same regions. Plotting the solution
in this manner is useful for understanding the parametric behavior.
Examination of the solution and its relation to the boundaries for
trend reversalgiven by the in� uencecoef� cients allows the determi-
nation of the effect of heat release for a given set of inlet conditions,
heat release pro� les, and geometry.

Note that at no point in either Figs. 4a or 4b does the local swirl
ratio approach the critical swirl ratio X crit . A case was computed
with a duct-to-core area ratio of 100 instead of 4 and showed a
signi� cant growth of the core as the local swirl ratio approached
critical. This rapid and large core growth, along with a concurrent
drop in core axialvelocitytoward zero, indicatesthe onsetof reverse
� owand,hence,recirculationzoneformation.However,thereversed
� ow case is not handled by the current model, and therefore, only
a solution with the swirl ratio approaching, not reaching, critical
can be studied. The likelihood of recirculation zone formation is
greatly increased for larger initial area ratios. This corresponds to
starting with a smaller vortex core for a given initial duct geometry.
Therefore,as the initialareaof the vortexdecreasesfor a giveninitial
duct area, more room exists for the core to expand. This allows the
centerlinevelocityto approachzero, therebyincreasingthe potential
for recirculation zone formation. This result is consistent with the
results of Darmofal et al.9

When we turn now to the effect of interstream mixing, it can be
seen from Table 1 that no regions exist where the trends change due

a) Low mixing rate (ºt )

b) High mixing rate (10ºt )

Fig. 5 Flowregime mapsfor high swirl (X 0 = 1:5)and high heat release
(Á1 = Á2 = 0:8).
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a) No heat release

b) High heat release

Fig. 6 Axial velocity contours and streamlines for a Navier–Stokes case with low swirl and varying heat release.

a) No heat release

b) High heat release

Fig. 7 Axial velocity contours and streamlines for a Navier–Stokes case with high swirl and varying heat release.
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to mixing.Therefore,the additionof mixingonly modi� es the shape
of the various � ow regimes. Figure 5 shows two � ow regime maps
for a high swirl ( X =1.5), high heat release ( u 1 = u 2 =0.8) case
with different mixing rates. The mixing rate for Fig. 5a was chosen
to be equal to that predicted by the planar shear layer growth rate
of Hermanson and Dimotakis.16 The mixing rate for Fig. 5b was
chosen to be 10 times that mixing rate.

When we compare Figs. 4b and 5a, it is seen that there is little
difference between the no mixing case and the low mixing case.
Comparing Figs. 5a and 5b, one sees that the shape of the regions
has been altered for the high mixing rate case, but the overall effect
on the solution is small. Therefore, mixing does not change the
parametric � ow behavior.Additional � ow maps for a low swirl case
with varying heat release and mixing are presented in the thesis by
Underwood.19

The � ow regime maps presented in Figs. 4 and 5 show that al-
though the in� uence coef� cient analysis yields local trends only,
these trends can be shown in a global context. Flow regime maps
provide a useful tool for viewing regions of differing � ow behav-
ior and their relation to the local swirl ratio at a given point in the
duct.

V. Comparison with Navier–Stokes Simulations
The quasi-one-dimensional model has been shown to provide

insight into the physical processes present in swirling � ows with
combustion, but we need to de� ne the applicability to the � ows of
greatest interest, i.e., � ows with recirculation.To this end, the quasi-
one-dimensionalmodel has been compared with the results from an
axisymmetric Navier–Stokes code.

The Navier–Stokes code allows calculation of steady and un-
steady reacting � ows with recirculation zones.20 The reaction
process is modeled using a � ame sheet approximationfor premixed
combustion with the heat addition calculated consistent with that
of a methane–air reaction. As a consequenceof the � ame sheet ap-
proximation,a slip velocity at the wall is allowed because speci� ca-
tion of a no-slip wall boundary causes the � ame front to propagate
upstream to the inlet in the wall boundary layer. Only steady solu-
tions were examined for comparison to the quasi-one-dimensional
model.

Comparisonof theone-dimensionalmodeland theNavier–Stokes
codewas carriedout for a recirculatingcase.Heat releasewas varied
for the same inlet conditions to test the validity of the in� uence
coef� cients for suggesting trends in � ow behavior. Speci� cally, the
low/high swirl behavior with heat release in the core was examined
by observing changes in size and location of the recirculation zone
for varying heat release. The results are shown in Figs. 6 and 7 for
the low and high swirl behaviors, respectively.

A low swirl ( X 0 = 0.5) case with zero and high heat release
( u =0, 0.8) is shown in Figs. 6a and 6b, respectively. Contours of
axial velocity are plotted along with the streamlines.Figure 6 shows
that, for low swirl, increasingheat release causes an accelerationof
the streamtube on the centerline,which results in a weaker recircu-
lation zone located farther downstream, as would be expected for
the limiting case of no swirl.

A high swirl ( X 0 = 0.8) case with zero and high heat release
( u =0, 0.8) is shown in Figs. 7a and 7b, respectively.Figure7 shows
that for high swirl, increasingheat release causesdecelerationof the
streamtube on the centerline, resulting in a stronger recirculation
zone, which is located farther upstream, in accord with the trends
from the in� uence coef� cients. These results support the utility of
the quasi-one-dimensional model for developing insight into the
parametric trends of swirling � ows with combustion.

VI. Conclusions
A quasi-one-dimensional analysis including an in� uence coef� -

cient formulation has been developed to examine the behavior of
swirling � ows in variable area ducts with heat addition and mix-
ing at conditions representativeof LPP combustor � ows. The one-
dimensionalanalysisshowedthat thereare regimeswhere thebehav-
ior differs dependingon the level of swirl. Comparison with results
of a Navier–Stokes code showed that trends for recirculation zone

formation suggested by the one-dimensional analysis were borne
out by the Navier–Stokes simulations.

Based on the results from the in� uence coef� cients, quasi-one-
dimensional model, and Navier–Stokes code, several conclusions
can be drawn.

1) For low swirl ratios, heat release in the core hinders recircula-
tion zone formation.

2) For high swirl ratios, heat release in the core enhances recir-
culation zone formation.

3) For all swirl ratios, heat release in the outer stream hinders
recirculation zone formation.

4) Mixing hinders recirculation zone formation.
5) Increasing duct area enhances recirculation zone formation.
6) Vortex cores with a smaller initial area are more susceptibleto

recirculation zone formation.
Physical mechanisms for these trends have been described.

Appendix: In� uence Coef� cients
The in� uence coef� cients described in Sec. III are presented in

Table A1. They represent the sensitivities of the dependent vari-
ables (shown in the leftmost column) to changes in the independent
variables (shown in the top row).
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